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I. Introduction

W ITH the advancement in technology, development of a me-
chanically simple yet ef� cient rotor blade system has re-

sulted in the design of a bearingless blade and hub con� guration.1

A schematic diagram of a bearingless rotor blade is shown in
Fig. 1. In this rotor system (Fig. 1), the blade is attached to the
hub through a � exbeam that is designed to provide the required
stiffness in the � ap and lag bending deformation of the blade, but
that is highly � exible in torsion. Surrounding the � exbeam, there
is a stiff cuff denoted as the torque tube, which is attached to the
blade–� exbeam junction at the outboard end and to a pitch link
at the inboard end, as shown in Fig. 1. The pitch control of the
blade is achieved by rotating the torque tube through the up/down
movement of the point P , which, in turn, twists the � exbeam. An
elastomericdamper is placed between the torque tube and � exbeam
to provide adequate lag damping. It also acts as a spacer between
the torque tube and the � exbeam. Though a bearingless rotor is me-
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Fig. 1 Bearingless rotor blade with pitch link at the leading edge.

chanically simple, its dynamic analysis becomes complicated due
to the presence of a multiple load path and a nonlinear elastomeric
damper.

The nonlinear dynamic characteristics of the elastomer are usu-
ally represented by the variation of in-phase stiffness (stiffness)
and quadrature stiffness (damping) as a function of amplitude. The
experimental results of a single frequency bench test of different
elastomeric lag dampers are available in Refs. 2–4. All of these
data indicate that both the in-phase stiffness K 0 and the quadrature
stiffness K 0 0 decreaseas the amplitudeofmotion increases.The vari-
ation of loss tangent or loss factor g with amplitude is also shown
in Ref. 3. Loss tangent is generally de� ned as the ratio of K 0 0 and
K 0 . In a recent publication, Kunz5 also indicated similar types of
stiffness and damping characteristicsof the elastomer with respect
to the amplitude of motion.

There are several linear models to describe the mechanical be-
havior of visco-elastic materials, for example, anelastic displace-
ment � elds (ADF) have been used in Ref. 6. Smith et al.7 extended
the method of ADF to include the nonlinearities and temperature
effects. The nonlinear characteristicsof elastomers have been ana-
lyzed in detail in several recent publications.8 ¡ 12 Some of the recent
studies have focused on the phenomenon of the limit-cycle behav-
ior of bearingless rotor blades due to the elastomer nonlinearity.
In Ref. 11, Gandhi and Chopra proposed a nonlinear viscoelas-
tic model for the elastomer in which the damping element is lin-
ear. The model shows a rapid decrease in damping coef� cient at
very low amplitudes of oscillation, but its value is always positive.
With this elastomeric damper, they showed a limit-cycle oscilla-
tion for an autonomoussystem representingthe isolated lag dynam-
ics of a blade. Ormiston et al.13 considered an elastomer model in
which the damping force was assumed to be proportional to a lin-
ear combination of different powers of velocity (powers of 0.5, 1,
2, and 3). Using this nonlinear elastomer model, they showed the
presence of limit-cycle oscillation for both hingeless and bearing-
less rotor blade con� gurations. It was also pointed out that there
was no limit cycle when the elastomer damping is taken as lin-
ear. The hover air-resonanceanalysis and wind-tunnel test by Panda
and Mychalowycz1 also indicatedthat nonlinearitiesin stiffnessand
damping characteristicsof the elastomer seem to have a signi� cant
in� uenceon the limit-cycleoscillations.When theyuseda � uidlastic
damper having linear characteristics,no limit-cycle oscillation was
observed.

The objective of the present Note is to analyze the relation be-
tween elastomer modeling and limit-cycle oscillation. The exam-
ple problem chosen to address this is the transient response be-
havior of an isolated bearingless rotor blade undergoing coupled
� ap– lag–torsional deformation under a hovering condition. The
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responseof the blade is evaluatedfor a given step controlpitch input
with differentelastomermodels representingthe same experimental
data.

II. Limit Cycle
The theorem on the existence of a limit cycle14 says that for the

equation

ẍ + f (x) Çx + g(x) = 0 (1)

to exhibit a limit cycle, f (x) must be positive when j x j is large and
negative when j x j is small and g is such that, in the absence of the
damping term f (x) Çx , a periodic solution is expected for small x . In
Van der Pol’s equation

ẍ + e(x2 ¡ 1) Çx + x = 0, e > 0 (2)

that is, the damping coef� cient becomes negative in the strip j x j < 1
andpositivefor j x j > 1. Therefore,thephenomenonof a stablelimit-
cycleoscillationin an autonomoussystemrequires that the damping
coef� cient must change sign during one cycle.

III. Formulation of Elastomer Model
Because experimental data are used in developing an analyti-

cal spring-damper model for the elastomer, there is a scope for
formulating many different types of models. In this Note, two dif-
ferent models of the elastomer are proposed as shown in Fig. 2.
First, the elastomer is modeled (model 1) as a parallel combination
of a nonlinear spring, a coulomb damper, and a hysteretic damp-
ing. The second model (model 2) consists of a nonlinear spring, a
coulomb damping element, and a Rayleigh-typehystereticdamping
element.

The experimental results2 ¡ 4 of an elastomeric lag damper show
that both in-phase (K 0 ) and quadrature (K 0 0 ) stiffnesses decrease as
the amplitude of motion decreases, but that neither of them display
any signi� cant dependenceon frequencywithin the rangeof interest
(3.3–6.8 Hz) as shown in Ref. 4. The reason for choosinga coulomb
damper is that the damping force is very high at low amplitude. In
addition, coulomb and hysteretic dampers provide damping forces
that are independent of frequency. This type of idealization differs
from the model proposed by Gandhi and Chopra11 in the sense
that their model has a viscous damping element. The constitutive
differentialequationof theelastomermodelunderharmonicloading
for model 1 can then be written as

K1x ¡ K3x3 + K5 X5 ¡ K7 X 7 + F sgnj Çx j + (h1 / x ) Çx = D0 sin x t

(3)

and that for model 2 can be written as

K1x ¡ K3x3 ¡ K5 X5 ¡ K7 X 7 + F sgnj Çx j + h3 / x 3 Çx3

¡ (h1 / x ) Çx = D0 sin x t (4)

where D0 is the amplitude of the excitation force and K1 , K3, K5,
K7, F , h1 , and h3 are system parameters of the elastomer.

Fig. 2 Elastomer model.

When we assume a harmonic motion and follow the procedure
mentioned in Refs. 11 and 15, the in-phase stiffness K 0 and the
quadrature K 0 0 for model 1 can be obtained as

K 0 = K1 ¡ 3
4
K3 X2 + 5

8
K5 X4 ¡ 1

2
K7 X6 (5)

K 0 0 = (4F / p X) + h1 (6)

and that for model 2 can be obtained as

K 0 = K1 ¡ 3
4
K3 X2 + 5

8
K5 X4 ¡ 1

2
K7 X6 (7)

K 0 0 = (4F / p X ) + 3
4
h3 X 2 ¡ h1 (8)

Note that in model 2, the term correspondingto Rayleigh-typehys-
teretic damping changes sign with varying amplitude.

IV. Equations of Motion and Solution Procedure
The transient response analysis of a bearingless rotor blade re-

quires the formulation of the aeroelastic equations of motion repre-
senting coupled axial, � ap, lag, and torsional motion of the blade,
including the nonlinear elastomer. Based on the assumption of an
Euler–Bernoulli beam, the strain and kinetic energy expressions of
the bladeareobtained.Duringbladedeformation,the elastomerpro-
vides constraintsin � ap, lag, and torsionaldeformationof the blade.
Because elastomer data are available2,3 only for the lag mode, in
this study, following the approach of Ormistron et al.,13 the elas-
tomer is represented by a very stiff linear spring in � ap mode.
In the lag mode, the elastomer is represented by both models 1
and 2. The effect of elastomer is not considered in the torsional
mode.

The aerodynamicforcesandmomentsare treatedas externalloads
acting on the blade. The expressions for aerodynamic loads are
derived by an implicit formulation. The time-varying aerodynamic
lift and pitching moment, acting on a typical cross section of the
bladeare evaluatedbasedon Greenberg’s extensionofTheodorsen’s
theory. Because the present study addresses the transient response
of the rotorblade, a time-varyingin� ow model, which is represented
by dynamic in� ow model,16 has to be considered.The equations of
motion are derived using Hamilton’s principle. The details of the
derivation can be found in Ref. 17.

Following the assumed mode method, the � ap, lag, and torsional
equationsof motion have been derived.These equationsare nonlin-
ear, coupled ordinary differential equations.The transient response
of the blade to a step control pitch input is obtained by simultane-
ously solving the nonlinear coupled equations and the in� ow equa-
tion by a numerical integration routine based on a Runge–Kutta–

Marson algorithm.

V. Results and Discussion
The parameters for the elastomer models 1 and 2 are obtained by

an error minimization technique, and they are given in Table 1. The
experimental data of the elastomer are taken from Ref. 4. The blade
data are given in Table 2. The nondimensional uncoupled natural

Table 1 System parameters of the elastomeric
damper models 1 and 2

System
parameter Model 1 Model 2

K1, N/m 2.673989 £ 106 2.673989 £ 106

K3, N/m3 1.315287 £ 1012 1.315287 £ 1012

K5, N/m5 3.519586 £ 1017 3.519586 £ 1017

K7, N/m7 3.176266 £ 1022 3.176266 £ 1022

F , N 4.797347 £ 102 8.45909 £ 102

h, N/m 4.569120 £ 105 ——
h1 , N/m —— 1.44619 £ 105

h3 , N/m3 —— 7.06419 £ 1010
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Table 2 Input data for transient
response analysisa;b

Parameter Value

Lock number, c 5
Blade semi chord, b1 / L p /20
Lift curve slope, a1 2 p
Number of blades, N 4
Torsional rigidity, GJ / m X 2 L4 0.001473
Flap � exural rigidity, EI f f / m X 2 L4 0.0301
Lag � exural rigidity, EI g g / m X 2 L4 0.0106
Moment of inertia, Im f f / mL2 0.0004
Moment of inertia, Img g / mL2 0.0
(kA / km )2 1.5

ak2
A = (EI g g + EI f f ) /EA, k2

m = (Img g + Im | | )/ mL2 .
bOffsets of mass center, tension center, and aerodynamic
center from the elastic axis are zero.

Fig. 3a Variation of K 0 (in-phase stiffness) with amplitude; ¦ , experi-
mental data.

Fig. 3b Variation of K 0 0 (quadrature stiffness) with amplitude; ¦ , ex-
perimental data (comparison of the experimental data with models 1
and 2).

frequenciesof the blade in � rst lag, � rst � ap, and � rst torsion modes
are 0.732, 1.124, and 3.174, respectively.

Comparison of the experimental data with models 1 and 2 is
shown in Fig. 3. It can be seen that both of the models � t the ex-
perimental values fairly well in the available range of data. In the
absence of experimental data on the hysteresis effects of the elas-
tomer, comparethe theoreticalhysteresisloopsgeneratedfor the two
elastomer models. Figure 4 shows the hysteresis loops of the two
elastomer models, for two different amplitudes of motion. Though
both models provide similar loops, the hysteresis loop of model 1
encloses more area than that of model 2, for the same amplitude of
motion.

The transient response characteristics of the bearingless rotor
blade are obtained by the use of models 1 and 2. The blade and the
� exbeam properties are considered to be same due to lack of avail-
ability of practical blade data and also for simplicity. Even though
uniform properties have been assumed for � exbeam and blade, the
natural frequencies of the rotating blade in � ap, lag, and torsional
modes are representativeof a realistic rotor blade con� guration.

The response of the blade is evaluated in modal space by con-
sidering three modes in � ap, two modes in lag, and one mode in
torsion.The elastomer and torque tube locationsare set at n 1 =0.10
and n 2 =0.25 (Fig. 1). The pitch link is located at the leading-

Model 1

Model 2

Fig. 4 Comparison of the hysteresis curves for different amplitudes
of motion; ——–, X = 0.002 m and - - - -, X = 0.0015 m.

Fig. 5 Transient response in lag mode with model 2 (with aerodynamic
loading).

edge side of the blade with a =0.03 and b = 0.10. A step con-
trol input of w P =0.00361 (equivalent to a static blade pitch in-
put of 0.12 rad) is applied. All length data are normalized with
respect to blade length. Figures 5 and 6 show the transient re-
sponse in lag mode for the two cases. In the case of model 2
(Fig. 5), it is observed that, within a short time, the lag response
settles down to a stable limit-cycle oscillation with a constant am-
plitude of 0.0145 with a mean value of ¡ 0.0035, whereas in the
case of model 1 (Fig. 6), the transient response in lag mode set-
tles to steady-statevalue of ¡ 0.0027.The blade responsesshown in
Figs. 5 and 6 areobtainedwith the inclusionof aerodynamicloading.
The nondimensionalfrequencyof limit-cycle oscillationis found to
be 0.58.
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Fig. 6 Transient response in lag mode with model 1 (with aerodynamic
loading).

Fig. 7 Transient response in lag mode with model 2 (without aerody-
namic loading).

Fig. 8 Transient response in lag mode with model 1 (without aerody-
namic loading).

To ensure that the cause of limit cycle is due to the elastomer
model and not due to external aerodynamic loading, the transient
analysisis alsocarriedoutbyexcludingtheaerodynamiceffects.For
the same set of bladeparametersand step control input, the response
of the blade is computed. Figures 7 and 8 show the responses in lag
mode of the blade with elastomer models 2 and 1, respectively.
Whereas the response of model 2 exhibits a limit-cycle oscillation
(Fig. 7), no such oscillation is observed for model 1 (Fig. 8). In

this case, the frequency of limit-cycle oscillation is observed to
be 0.72.

VI. Conclusions
This Note investigatesthe phenomenonof limit cycle in bearing-

less rotor bladesby studyingthe transient responseof the blade with
two differentmodelsof elastomer.Even thoughboth elastomermod-
els � t the experimental data fairly well, the response characteristics
of the blade exhibit a totally different nature. These results clearly
indicate that the phenomenon of limit-cycle oscillation is highly
dependent on elastomer model. Hence, care must be exercised in
modeling the elastomer.
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